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[ — . Abstract 

We show that it is possible to construct a quantum held theory that is invariant under 
the translation of the noncommutative parameter 0^. This is realized in a noncommuta- 
tive cohomological field theory. As an example, a noncommutative cohomological scalar 
field theory is constructed, and its partition function is calculated. The partition function 

is the Euler number of Gopakumar, Minwalla and Strominger (GMS) soliton space. 
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I Introduction 

Recently noncommutative geometry and noncommutative field theory revived in the string 
theory Ef . There are some correspondences between commutative and noncommutative 
geometry. For example in the gauge theory, it was shown that the commutative theory with 
some background field is equivalent to the noncommutative theory c3 . After that, a few 
kinds of nontrivial soliton in the noncommutative space are discovered. In the gauge theory, 
U(l) instanton solution is discovered by Nekrasov and Schwartz E1P, and in the scalar theory 
a nontrivial solution is discovered by Gopakumar, Minwalla and Strominger Ej), which is 
called GMS soliton. There is no corresponding solution in the commutative space, i.e. the 
GMS soliton is a specific solution in the noncommutative space. 

In the noncommutative space, it is difficult to define the length or metric. There are few 
examples, like a noncommutative torus case, derived the differential geometry, e.g., connection 
and curvature 0) . But in general noncommutative space, to define the Riemannian geometry 
is difficult. What we can to do is to classify the geometry to the extent of the algebric K- 
theory. However, it is not enough to classify the noncommutative space from a point of view 
of differential topology. If there are some characteristic classes that do not varied under the 
shift from commutative to noncommutative space, then they are useful for the classification 
of spaces. For instance, in the noncommutative torus the Euler number is independent of the 
noncommutative parameter 9 a> . We expect that some other topological invariants would be 
extended to noncommutative space and independent of 9. 

The aim of this paper is to construct a quantum field theory that is invariant under 
the transformation of the noncommutative parameter 9^ v . This parameter characterizes the 
noncommutativity of spaces as 

where x^ are the coordinates of the noncommutative space. Noncommutative parameter in- 
dependence of the theory means that the partition function of the theory is independent of 
9^ v . Cohomological field theory is nominated as such a theory. We construct a cohomological 
field theory on the noncommutative space, and we show that it is actually a usual cohomo- 
logical field theory in the 9^ v = limit. This fact means that noncommutative space succeed 
to some geometric or topological information of commutative space. 

Another purpose of this paper is to construct a concrete example of the invariants under 
the transformation of noncommutative parameter 9^ u . The discovery of the GMS solution 
is one of the most important developments in recent work on noncommutative field the- 
ory. Therefore, we calculate the Euler number of the GMS soliton space as the example of 
9^ v independent partition function. We will see the relation between the GMS soliton and 
commutative cohomological field theory. 

Our example of the noncommutative cohomological field theory is a balanced scalar model 
that has two multiplets, the scalar and the vector. We consider the case that the potential 
is general degree polynomial of the scalar field. In the commutative space, the degree of the 
potential determines the structure of the vacuum. We will show that in the noncommutative 
space there is similar picture of vacuum structure. As a result of investigation, the corre- 
spondence between the commutative limit 9^0 and the noncommutative limit 9 — > oo is 
obtained. Especially in the large 9 limit, the potential term plays a dominant role, and there 



are the specific GMS solutions. A point of this paper is how we deal with the GMS solitons 
in quantum field theory. 

This paper is organized as follows. In section II, we will construct the 9^ v invariant 
quantum field theory in general. In section III, we construct a scalar model as a simple 
example. Balanced topological theory will be used there. It is necessary to introduce potential 
in topological scalar field theory. Partition function is calculated in both limits, commutative 
and noncommutative. In section IV, we introduce the Morse theory on the noncommutative 
field theory, and show that the Euler number of GMS soliton space is well-defined. In the 
last section, we summarize and discuss our result. 

II General formalism 

The aim of this section is to make a theory that is invariant under the shift of the noncom- 
mutative parameter 0^,. We discuss how we construct the cohomological field theory on the 
noncommutative space. 

II. i Cohomological field theory on noncommutative space 

The noncommutative parameter is defined in the commutation relation Eq.([0]). We intro- 
duce the infinitesimal rescaling operator 5 S as follows. 

(1 - 5 8 )[x^x v ] = [x'VI = -^—. (II.l) 

2m 

This commutation relation is given by defining 5 S as 

x >» = x^-dsx", (11.2) 

5 s x» = (~<^(0-%)x". (II.3) 

This transformation corresponds to x'^ = y9x^ in EJ) . We denote the inverse matrix of the 
transformation ( |IL2| ) by 

J^5%+ l -59^(e- l ) vp , (II.4) 

Then, the integration measure and the differential operator are transformed into 

— -(J' 1 ) — 
dx»~ [ hv dx'\ 

where det J is the Jacobian. By ( |H.5| ) the Moyal product(see e.gn') is shifted as 

(1 - 5 s )(*e) = 6,(exp(2m*d '„(0 - S9)^~^ v )) = * e se, (H.6) 

because 5 S ( d ^9^ d v ) = d ^59^ d u . Note that this transformation is just a rescaling of 
the coordinate, so that any action and its partition function are not changed under this 
transformation, 

Se = fdx D C^ e ,d fl ) 

= f &etMx' D C(*e-seAJ~ l r-^), (H.7) 



dx D = det3dx' D , — = {J~% (H.5) 



where £(*g,d^) is an explicit description to emphasis that the products of fields are the 
Moyal product and it contains derivative terms in the lagrangian. For convenience, we will 
often omit ## when we do not misunderstand. In the next step, we shift the noncommutative 
parameter. 

6^6' = 9 + 56. (II.8) 

This shift changes the action and the partition function in general, as follows 

S e > = fdet Mx' D C(*e,{J~ l T v -^). (II.9) 

Compared with ( |II.7D , the shift is regarded as a rescaling without the Moyal product. 

Contrary, our purpose is to construct a field theory invariant under this shift. Immediately 
we expect the cohomological field theory would be an example since it is scale invariant 
theory BEpeB). Cohomological field theory is understood through several jsays. Twisted 
SUSY is one of them, but noncommutative SUSY is not adverted here Bll3 EJ). Meanwhile, 
a geometrical point of view is closely studied in section IV. The Lagrangian of cohomological 
field theory is BRST-exact. We denote the BRST operator by 5, and generic bosonic fields 
by <pi, which are sections of some vector bundle s a {*o<pi). BRST operator is defined as 

5 (pi = ipi, 6ipi = 0, 
5 x a = H a , 5H a = 0, (11.10) 

where (pi and H a are bosonic, ipi and \ a are fermionic fields. Following the Mathai-Quillen 
formalism, the action of the cohomological field theory is written as 

V = X a (is a + H a ), (11.11) 

S = I dx D £(* e ,d fl )= I dx D 5V. (11.12) 

The partition function is defined by 

Z e = J V(pVi)V X VH exp (S e ) ■ (11.13) 

In the commutative space, the Mathai-Quillen formalism tells us that the partition function 
gives a representation of the Euler number of the space M. = {s~ 1 (0)}. 

This partition function is invariant under an infinitesimal transformation which commute 
with the BRST transformation ( |EI.10 ). 



66' = ±6'6, 
6' Z 9 = [ VQVrpVxVH 5' (- f dx D 5Vj exp(-S 9 ) 

= fv(f)VipVxVH $(- f S'Vj exp(-Sg) = 0. (11.14) 

The vacuum expectation value(VEV) of any BRST-exact observable is zero. Note that the 
path integral measure is invariant under 6' transformation since every field has only one 
supersymmetric partner and the Jacobian is totally canceled. 



We introduce the 6>-shift operator as 

SsXfj, = -SgX^, SqO^v = Mi , + 59^. (11.15) 

Generally, it is possible to define 8g to commute with the BRST operator. Following ( |II.14| ), 
the partition function is invariant under this #-shift and it means that the Euler number of 
the space M is independent of the noncommutative parameter 9. 

In the end of this section, we list some general nature of this partition function. First, the 
Gaussian integral is formally defined and an exact result can be given by 1-loop calculation. 
Second, naively the commutative limit {9 — > 0) is given by removing potential terms without 
constant field, and 9 — > oo limit is given by omitting kinetic terms in the action, because the 
limit 9 -> (9 -> oo) means J -» (J -> oo) in Eq.(fL9|). 

In the next section, as an example of noncommutative cohomological field theory, we 
investigate the balanced scalar model. 

Ill Balanced Scalar model 

In this section, we study a concrete example of noncommutative cohomological field theory 
as 0-shift invariant field theory. For simplicity, we use a real scalar model to construct a 
cohomological field theory. However, there is no nontrivial example under usual construction 
of cohomological field theory. Therefore, we introduce the balanced topological field theory 
BE^P. This theory is used in the investigation of the Vafa-Witten theory whose partition 
function is the sum of Euler number of the zero section space M without a sign, in general 
E9' c3 cB . When we calculate the Vafa-Witten theory, zero mode integration is not essential 
because of no ghost number anomaly. Contrary, in this paper, we carefully calculate the zero 
mode integration to compare the commutative limit with the large 9 limit. 

Ill.i The action 

We construct the balanced scalar model. The theory is composed of bosonic scalar fields (f> 
and H, fermionic scalar fields ip and %, bosonic vector fields B^ and H^, fermionic vector 
fields ipu and Xui an d every field is Hermitian field. We give the BRST transformations 
(Fig-i as 

8 + <j) = v>, S-4> = x, 

-8-ip = 8+x = H, 

S+ip = <Lx = 5+H = Lh = 0, 

d+B» = V^, 8-Bi* = x M , 

S^ = 8+x^ = H^, 

5+^ = Lx" = 8+H^ = LH 11 = 0, (III.l) 

where 5+ and 5- satisfy the following relations, 

& = 5 2 _ = 0, 5+L + $J + = 0. (III.2) 
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Figure 1: BRST multiplets in the balanced scalar model. e>+(<5_) carries ghost number 
+!(-!)■ 

The action of the balanced scalar model is 

S= f dx D ^j£, (111.3) 

where the Lagrangian C is given by an exact form with a ghost-number zero functional T as 

C = iS+S-F. (III.4) 

In our case, the functional J- is chosen as 

T = B^cf ~ »X*V„ ~ iX^ + V{<f>, BP), (III.5) 

where V((p, B p ) is a potential. Therefore the Lagrangian C becomes 
C = i5 + 5-F 

= i$ + ( X ^0 + B^x ~ iX^H^ - i X H + (x-Hr) V(tj>, B") + (V-M V(<f>, B") 



5(f) 



5B p 



_5_ 
~54> 



X { -d^B" + —V(<P, BP) -iH\+x»{d^+ j^V(<P, BP) - iH^ 



= iS 
= Cb + Cp, 
where Cb (£f) is the bosonic (fermionic) part of the Lagrangian, 



(III.6) 



L B = iH{-d^ + ^V{<t>,BP)-iH\+iH^\d^+^V{4>,BP)-iHX{lllJ) 



c F = ^r-(^)^,Bn-(r^)^,Bn 
-*• fa + (4) ±v«, m + (^) ^, *) 

Here we consider the only case that the potential is separated form as 



V(4>,BP) = V( ( f>) + -B ll BP. 



(III.8) 



(III.9) 



As a result of taking this potential, B^ has only zero solution in the large 9 limit, and this is 
necessary condition to investigate the GMS soliton space. If there is non-trivial B^ solution, 
then the moduli space is changed from GMS soliton moduli space and we are not interested 
in such a case. Cb and Cf, therefore, become 



C B 

C f 



ill <! -0 U B>' + ^M -M\+ iH^d^ + B^- iHp), 



i X { d^ - V>-ftF \ ~ iX*W + %). 



(111.10) 
(III.ll) 



5 2 V(<t>)\ 

Note that every product of fields should be defined by replacing the normal product by 
the Moyal product when we consider the noncommutative field theory. 

Ill.ii Commutative limit 8 — »■ 

We consider the balanced scalar model in 2-dimensional flat noncommutative space. One 
can get the theory on noncommutative space by changing the ordinary product into the star 
(Moyal) product *g. Although noncommutativity is represented by the noncommutative 
parameter 9 in the star product, this parameter is absorbed by the rescaling, 

x» -► Vdx", 
*e —> *6»=i- 



However, the action is changed as follows: 

S B = I d 2 x() 



iHt< _d E B^ + SV^ 



5 F : 



d 2 x9 



i X * 



V9 
d^V 5 2 V{*(, 

V9 V H 2 



H \ + iH» * 



dui> 



0, 



% + Br-iH, 



i X ^* 



V9 



+ Yv 



(111.12) 

,(111.13) 
(III. 14) 



where Sb (Sf) is the bosonic (fermionic) part of the action and * means *#=i implicitly. 

Let us consider the 9 — ► limit and calculate its partition function, which is compared 
with the 9 — ► oo limit in the next subsection. The partition function is calculated as 

Z= J Vcj)VxVi)Vx^Vi)^VB^VHVH^eyi^{-SB- S F ). (111.15) 

The part of the action which contributes to the non-zero modes of <p and H is 

I d 2 xV9i(H> I *d^(f)-H*d tl B fl ). (111.16) 

We perform the integration of the non-zero modes of H^ and B^, and it yields delta func- 
tionals, 



5(v / 2^a M (/>)<5(v / 2^a At i^) . 



(111.17) 



Therefore, for <f> and H, only zero modes integral remains. Next, the part of the action which 
contributes to the non-zero modes of x an d V' is 



d 2 xV9i( X * d^ - x 11 * d^). 



(III.l* 



Integration of non-zero modes of x, ip and x^> ^ yields the factor 

[de&(iV9d li )] Xli j ) iJ.[det(i\/dd IJi )] x ^ 9 , 



(111.19) 



where the fields with the subscript denote non-zero modes. Therefore, for x an d ip, only 
zero modes remain and the partition function Z becomes 



[det(i\/f9d M )] X M</, [det(i\/£d M )] 



M^X0^ M 



x J dydxadt/JoVx^V^VB^dHoVH^ exp(-S' B - S' F ), (111.20) 

where the fields with the subscript denote zero modes and the variable y denotes the zero 
mode of <p (this is just a real constant number) and 



S'b 
S' F 



d 2 x9 

d 2 x9i 



//„ i H + i^l \ + ff" * {H» + iBp) 



"XoV'o 



S 2 V(y) 
5y 2 



x" * Vv 



(111.21) 
(111.22) 



The factors in front of the integral in Eq.( III.2Q ) cancel each other and only [det(2-7r)]^ , 
remains. H^, B^ and the zero mode of H can be integrated out, and it yields the factor, 

11 1 

(111.23) 



[v9/n}l [det(0/7r)]|^ o [det(0/47r)]| oJ?# . 



where v is the volume of space-time. This volume is infinity but this will be canceled out by 
4>, x an d ip zero modes integration, later. Integration of x M ; ip 1 * yields the factor [det(i6)} x ^^ 
, and the partition function Z becomes 



Z = J— det(-l) / dydx dip o exp(-S B - S F ), 



where 



rrfl 



q/f 
Op 



*-sm". 



d 2 x9ixoA 



S 2 V(y) 
5y 2 ' 



Before integrating y, we expand 5V(y)/5y as 

SV(y) b 2 V{y) 

~-y 



v=yc 



by by 2 

where y c is a point of the extrema of the potential, 

bV(y) 



+ 0(y 2 ), 



by 



0, 



(111.24) 

(111.25) 
(111.26) 

(111.27) 

(111.28) 



y=yc 



and we should sum up all y c in the calculation of Z: 



Z = y^Q^i- 1 )^, / dydx dip exp(-S'), 

Vc 



(111.29) 



where 



S' = v0 



V v 



S 2 V(y) 



Sy 2 



i X i/j 



S 2 V(y) 



v=yc , 



Sy 2 



y=yc 



(111.30) 



Note that these zero modes do not depend on x^, then the volume v is factorized out. By 
integrating the zero modes of 0, x an d ip, we get the partition function, 



z = \fe*«-»T. 






y=yc 



2-7ridet(— 1) NJsgn 



yc ) v9_ 8 2 V(y) 
An Sy' 2 

S 2 V{y) 



5y 2 



y=yc 



y=yc 



(111.31) 



The factor in front of Y^. is removable as a normalizing factor. 

y c 
Generally, the potential V(<fi) is a polynomial of the scalar field 

2\ 1TI.1 



ml 



and so the result Eq.(III.31) becomes 

Z- 



sgn[6 m ] : m is even number, 
:m is odd number. 



(111.32) 



(111.33) 



In the limit 9 — > 0, it seems that the kinetic term plays a dominant role, but the effect of the 
potential term survives. By this effect, degree of the polynomial completely determine the 
partition function as cyclic form of Eq.(III.33). 

Ill.iii Noncommutative limit 9 — > cxo 

In the strong noncommutative limit 6 — ► oo, the terms that have derivatives are effectively 
ignored, and the remaining terms which are potential and mass terms in the balanced scalar 
model determine the field configuration^ In the noncommutative space, there is a specific 
field configuration, that is GMS soliton M. This soliton is the solution of the field equation, 
and there are infinite solutions. Hence, the partition function is sum of contributions from 
infinite vacuum states. 

In the large 6 limit, the balanced scalar model Eqs.( [QI."TC , III,li| ) is written as 



S = Sb + Sf, 



(III.l) 



where 



Sb 

S F 



d 2 x9 



d 2 x6 



h*\^-h}+h^{b»-h») 

. / 8 \ 8V{*4>) . u ' 

-IX * tpTT — J! h l X * VV 



After integrating over the fields H, H^, the action is 
5 = / d 2 xd 



1 5V{*(p) 5V{*4>) . ( . 8\ 5V{*6) l„ u „ . a , ' 



(III.2) 
(III.3) 

(III.4) 



Integration of the fields B^, x^ an d ipu, is simply performed, and the partition function is 
written as 



Z = V^VxDipe 



-s 



where the action is 

S = 



I 



d 2 x6 



1 6V(*6) 5V(*6) . ( , 8\ 6V(*6) 



(III.5) 



(III.6) 



In the large 6 limit, the derivative terms are irrelevant, and the potential terms dominates^]. 
The field configuration is determined by the form of the potential. In particular the stationary 
field configuration is obtained by solving the field equation: 



8V(*6) 



0. 



(III.7) 



In the calculation of the partition function, we should treat these GMS soliton as the sta- 
tionary points, and the quantum fluctuation is a perturbation from the GMS soliton. In the 
following section, we discuss the treatment of the GMS soliton in the partition function, and 
understand the GMS soliton from a topological view point. 



We consider the (p m+2 potential, 

V(4>) = {(^—polynomial of {m + 2) degree}, 
and the field equation takes the following factorized form, 



8V 



b m 6 * (4> - vi) * {6 - v 2 ) * • • • * {6 - v m ) 



(III.* 



(III.9) 



Where we assume the V{ are real constant numbers with v\ < V2 < ■ ■ ■ < v m _i < v m . The 
GMS soliton is given by 



4>GMS = AjPj 



(111.10) 



a - ) Actually kinetic term integral is survived for next order integral but it yield nothing because of the BRST 
symmetry. 




Figure 2: §f, b m > and m is odd. 



where Pj is a projection, and satisfies the idempotent relation Pj * Pj = 5ij~P{. The coef- 



ficient Aj is determined by Eq.( [III.9| ). [ __ l In the Moyal plane, this projection is given by the 
Laguerre polynomial 2(-i) i e- x2 L i (2z 2 ) i3. It is possible to chose concrete representation of 
corresponding Weyl mapped projection operator, for example 

Pj = \i)(i\, (III.ll) 

where \i) is the number representation base Hi E-T. The Weyl mapped GMS soliton is written 



as 



4>GMS = AjPj. 
We substitute the GMS solution to (j) of Eq. flIII.S| ) 

5V(4>) 



b m Xi (Xi - vi) (Xi - v 2 ) ■ ■ • (Aj - v m ) Pi = 0. 



The solutions of Eq. ( |III.13| ) are given by 

Xi = 0, vi, v 2 , ••- ■ ,,, 



Vm- 



(111.12) 



(111.13) 



(III. 14) 



These solutions are coefficients of the GMS soliton. The general GMS solution is a linear 
combination of the projections, 



^XiPi 



V! J^ P i + V2 Yl Pi + 

ieSi ies 2 






(111.15) 



v{P Bl + w 2 Ps 2 H h %P Sm , 



where S^ ( ^4 6 {1,2,- •• , m}) is a set of the indices of the projections, and it is defined 
as if the coefficient of a projection Pj is va in ( |III.15| ) then the index "i" belongs to S^ 
. For example, if a GMS soliton takes the form as 4> G ms = v\ (Pi + P2) + ^2 (Po h then 



Si = {1, 2} and S 2 = {0}. We define P Sa = E iG g A Pi- For A ± B ( A, B € {1, 2, • • • , m}) 

the sets S^ and S# are disjoint each other 8^085 = 0, and the projections are orthogonal, 



P Sa • P Sfl == 0. In the commutative space, the field equation Eq.( III.9| ) has only constant 



10 



solutions. On the contrary, in the noncommutative space, there exist GMS solitons that 
are operators for Hilbert space of quantized coordinate, and this fact make new solutions 
with linear combination of projections. The indices of the projection are not bounded above, 
then the number of the element of Sa (rankS^) is allow to be infinite. In the following, 
we introduce a cut-off N of total number of the rankS^, and then there are N projections 
< Po, Pi, P2; • • • 5 Pjv-1 f- After the calculation we take the limit N — ► oo. 

Next step, we perform Gaussian integral around each vacuum. Note that, in the commu- 
tative space the number of the solution is (to +1), on the contrary in the noncommutative 
space there are (m + 1) solutions. In the commutative space, we can take the quantum 



fluctuation from the vacua of the finite number of simply constant solutions of Eq.( III.9| ). 



On the contrary, there are infinite GMS solitons in noncommutative space. Let us take the 
quantum fluctuation around each of the GMS solitons as cp = (f>\ GM s + 4>q- We expand the 
Lagrangian around the specific GMS soliton, 



lf,S\ 8V(*<f>) 



5 \ SV{*<f>) 

* I (Dg- 



S\ 5V(*<p) 



G'iU.S 



(111.16) 



GMS^ 

The subscript S of C means that the Lagrangian is expanded around the GMS soliton specified 
by S that is the family of {Si, S2, • • • , S m } [_]. On the Moyal plane, the field operators 4> q , x 
and ip are expanded as 

00 

k = X>;;N>01, (ni.17) 

i,j=0 

00 

X = ^2xij\i)(j\, 
i,j=0 

i> = Yl ^yl')0'l- 

i,j=0 
The field operators cj> q , x an d ip are Hermitian operators, 

4 = 4> q , x f = x, ^ = i>- (111.I8) 

We rewrite the field such as <pij = (j>^ + i(fifj {4>fj-, <pL £ R-)- Then the hermitian conditions 
need that real (imaginary) parts are symmetric (anti-symmetric) 

Xij Xjii Xij ~Xjii yllL.ly) 

In the operator picture, the integration in the action is replaced by the trace over the field 
operators. The lagrangian is always described as the Weyl mapped lagrangian 

Ss = T¥£ s = S% + 5|, (111.20) 

b 'Rank k single GMS soliton space is uifinite dimensional moduli space of solution and it is concretely 



described as the coset space n(k)u(N-k'i ^^ ■ ^ n our case > GMS solution space contains not only single soliton 
but also multi-solitons that have any rank solutions. The moduli space specified by S is „, ,„, V .uin-d ' 
where rn is the rank of Sj. 

11 



where Sf, and S F are given by 



Sg 



aS 



U TV (kt^ SV ^ 



6 \ 5V(</>) 



5<f>J S(f> 



-i6 Tr x I ip 



5 \ 5V{4>) 



(111.21) 
(111.22) 



GMS 



Firstly, we consider the bosonic part of the action. The second derivative of the potential is 
5 \ 5V((f>) 



GMS 

5 



){■ 



vA ( <j> - v 2 ) ■ ■ ■ ( 4> - v m ) I 

q 10- VI ) (4>-V 2 ) ■■■ (4>-V, 

+4>4> q 1 - v 2 1 ■ • ■ [4> - v m 

+4> (<f> - vA <j) q • ■ ■ ( § - Vm 



+ 4>((f>- vA U>-V2j ■■■ 4>q 

We put the GMS soliton into Eq.( [IH.23|) , and we get 

s \ sv(4>) 



<t>=4>GMS 



GMS 
m m A—l 



A>B k=B i=0 

A,BG{0,--- ,r} 



}=h+l 



where we define the zero tft solution and the zero*' 1 projection by 

v = 0, p So = i - P Sl - P S2 P Sr , 

and we introduce the following symbols for convenience 



Q (VQ - Vi) = 1, Yj (V m - Vj) = 1. 



(111.23) 



6 -eeii^-oe n (vc-vj)p b jp Bc 

A=0 B = A i=Q C=0 j=A+l 

m A — l m 

bm E II ( VA ~ Vi ) II (. V A-Vj)~Ps A (t>qPs A 
A=0 1=0 j=A+l 

A fc-1 m 

+^e eii^-^ n (vB-vj)p s j q p SB , (in.24) 



(111.25) 



(111.26) 



j=m+l 
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The coefficient of the cross term P SA (j) q P SB (A > B) in Eq.( |QI.24| ) is 

A fc-1 m 

^2Y[(VA-Vi) Yl (VB-Vj). 
k=B i=0 j=k+l 



Eq.(III.27) is written as 
A fc-1 



yi n ( va ~ v ^ n (^ 



k=B «'=0 j=fc+l 

= (V4-'Wo)(VA-«l)-"( , WA-'WB_i) 

X (V A +1 ~ V B ) (v A +2 ~ V B ) ■ ■ ■ (%-l - V B ) (v m ~ V B ) 



where %a~b is defined as 



-B 



(V B ~ V B +l) (VB ~ VB+2) ■■■(V B - V A ) 
+ {VA ~ Vb) (VB ~ VB+2) ■■■(v B - V A ) 



(111.27) 



-B, 



(111.28) 



+ (va - vb) (vb+i -va)--- (va-i - va) 



(111.29) 



We can see $a~b always vanishes for any set of Uj(see Appendix D). Then the cross term 
does not appear. Finally the remaining terms are closed in each set Sa such as 



5 \ 6V(</>) 



bmJ2J[(v A -Vi) Yl (v A -V j )P s J q Ps A . (111.30) 



j=A+l 



Then the bosonic part of the action is written as 

— / A 1 «*, 

1 



c-S 



Vj) TV 



Ps A g P SA g 



^ I km TT ( V A ~ V{) ]~[ (va 

A=0 \ i=0 j=A+l / 

For the fermionic part, the calculation is the same as the bosonic part, ['ipjj' — — 
5 \ SV($) 



(111.31) 



is given 



as 



v- 



CMS 



m A — 1 m 

bm^2Y{(vA-Vi) JJ (vA-Vj)Ps A i>Ps A - 

A=0 i=0 j=A+l 



Then the fermionic part of the action is written as 






i0b m ^2Y[( v A-Vi) ]~[ (vA-Vj)Tr 



xPs>Ps 



A ^ °A 



(111.32) 



(111.33) 



j=A+l 
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We substitute P Sa = Y.ies A P * into Eqs. pi.31| , pL3^ ), and use Eq.( pLT^ ), then we get the 
action, 



5 S 



&£> + Dp 



1 

^2 \j e ^2 (bm(A) 2 4>ij4>ji - i8 ^2 bmCAXijtpji 



i,jes A 



i,jes A 



(111.34) 



where we define 



CA = ]J(vA-v k ) Yl {va-vi), AG {0,1,2,- •• ,m}. 

fc=0 l=A+l 



(111.35) 



Note that the 0™, Xij an d iftij are the c- numbers. Using the result in Appendix C, we can 
estimate both the partition function in the operator representation and in the commutative 
field representation with the Moyal product, but the results have no difference. Here, we 
perform the integral in the operator representation. Then the path-integral becomes simply 
an integral of real number (real Grassmann number) . 



Z s = VxVil)V(j) e' Ss 

n n ( 



A=0 rn>n 

i,jeS A 



m 
\\ [V b m(A 



\V^e 



dXijdipij expj-Sf - S F } 



(111.36) 



A=0 



^ [ b m ( A ]< 



and we get 



Zs = II t sgn ( bm ^ A ) 



l».i 



A=0 



(111.37) 



Here ha is the number of the elements belong to the set Sa, and we call this number the 
"rank" of S^ ; ua = rankS^- The noncommutative parameter 9 contained under integral 



measure d(f> in the second line of ( 111.36 ) comes from the integral of H. The path integral of 
the fields cpij, Xij and ipy with indices (ieS A ,jeS B ,AjtB) is done with the weight of the kinetic 
terms, which contributes "1" in the partition function. The number of the GMS solitons 
specified by S = {Si,S2,'' iS m } is !n T. ! .. n p where rn = rankSi. Therefore the total 
partition function that includes all the GMS solitons is given by 



Z T , 



: otal 



N^oo 



= lim 



lim ^Zs 

I— .rv, *-^ 

N 

£ 



AH 



n !ni! •••n m ! 

■no,-- ,n m —0 A=U 

nQ-\ \-nm- N 



Y[ [ sgn ( 6m 



]n A 



lim (sgn [b m ]) (sgnCo + sgnCi H h sgnCm)^ 



(111.38) 
(111.39) 
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Under the same condition of v < V\ < ■ ■ ■ < v m as previous section (see fig. 2 too), the sign 
of Ca is simple form, 

sgn ( CO = (~l) m - A , A e {0, 1, 2, • • • , m}. (111.40) 

Then the partition function is 

Z Total = Jim (sgn [b m ]) N (-l) m ( 1 - 1 + 1 - 1 + • • • ) N 

N— >oo v v 



m+1 



hnijv^oo (sgn [b m ]) : m is even number, 
: m is odd number. 



(111.41) 



Note that through a simple calculation, the partition function Eq.( III.38| ) is rewritten as, 



^Totai = hm [ sgn(6 m ) ] (-l) r 

N— >oo 



N 



where the bracket [• • • ] is the Gauss's notation. The integer n p is the number of the negative 
solutions, and it is the sum of n>2i+i- This number n p is related to the Morse theory. This is 
discussed in the next section. 

IV Euler number of GMS soliton space 

In this section we discuss the properties of the partition function in the point of view of 
quantum geometry. 



IV. i Noncommutative Mathai-Quillen formalism 

In the beginning, we study the partition function with Mathai-Quillen formalism. 

As in the usual cohomological field theory, ip is a tangent vector to the zero-section, i.e. 
the tangent vector to the solution space, {(f), B^\s a (4>, -B M ,#) = 0} = M.. Note that the van- 
ishing theorem asserts that the zero-section space is identified with the GMS solution space. 
In our theory, since B^B^ = has only a trivial solution, the zero section space is identified 
with {0| 4jr = 0}. A condition like the vanishing theorem appears in general in the balanced 
topological field theory. 



In the commutative limit (9 — ► 0), the relevant terms of the bosonic action are 

(IV.l) 



sv 2 



IM + 

So the lowest energy solutions (true vacua) are constant that satisfy xr = 0. The number 
of the solutions is m + 1, that is the exponent of jt in the commutative limit. Hence, there 
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is no problem in denning the Euler number of the space M which consists of m + 1 isolate 

points as ± X^a-Lo( — ^) k ■ Contrary, in the large 9 limit, the number of GMS soliton solutions 

is infinite , that is rank of Kq. Generally, this is difficult case to define the Euler number of 

Ai. However, as we saw in the previous sections, the partition function is invariant under 

the shift of 9. Finally, the Euler number of the moduli space is invariant under the noncom- 

8V 

5d> 



mutative deformation of -X- = 



Gaussian integral in the noncommutative field theories is not familiar in general. But in 
this case, it is well-defined by the supersymmetry. As we see at first, the result of the path 
integral in the strong noncommutative limit does not contradict to the commutative limit. 
This is an evidence of validity of the Gaussian integral of the noncommutative field theory. 
Note that the large 9 limit is not the strong coupling limit. We have to consider two param- 
eters, the noncommutative parameter 9 and the coupling constant g multiplying overall. In 
order to get exact results by perturbative calculations, it is necessary for g to approach to 
zero. 

In the cohomological field theory, the partition function does not depend on an overall pa- 
rameter like this g. 

We summarize the previous sections by taking account of the fact that the partition 
function of cohomological field theory can be regard as the Euler number of M by Mathai- 
Quillen formalism cP . 

Theorem IV. 1 (#-shift invariants) The partition functions Zg of the noncommutative co- 
homological field theories are invariant under the shift of the noncommutative parameter 9. 

^Zg = 0. ■ (IV.2) 



Theorem IV.2 (Euler number of GMS solution space) On the Moyal plane, when the 
GMS solution space for real scalar field (j) is 



M m = {<f>\ M" • • (0**(0 " «i))**(0 " «2)) • • • *e(0 " v m ) = 0, b m > }, (IV.3) 

V v ' 

m+1 

and any two of Vi are different (v{ / Vjfori ^ j), then the Euler number of the space M. m is 
given by 

( 1 : m is even number /TTr .. 

[ U : m is odd number. ■ 

IV. ii Noncommutative Morse Theory 

In this subsection, we see that the noncommutative cohomological field theory can be re- 
garded as the noncommutative Morse theory 113 c3 . 

In the commutative limit, the partition function of our theory is given by the Hessian 
of the 4-pj- as we saw in the section III. Especially, the zero mode of d^cj) = is just a real 
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constant number, then the determinant of the Hessian at the critical point p is determined 
by the sign of the second derivative of the real function at p, where the critical point p is 

the solution of — -^p- = (x G R). We denote the number of negative eigenvalues of 

p 
the Hessian as n p . In the commutative limit n p is either or 1, so the partition function is 

written by 

Z-Y^ ~^~ - y^f i)w» - j 1: "i is even number, 
^L of 52y(p)| Z^ (0: m is odd number. 

p utL s p 2 p K 

By the fundamental theorem of Morse theory, this is the Euler number of the isolated points 
{p} and this result is consistent with the result of applying Mathai-Quillen formalism to 
cohomological field theory. 

On the other hand, the partition function is determined by the determinant of the operator 
valued Hessian s \f' in the large 9 limit. The critical points are operators too, i.e.GMS 
solitons are critical points and they exist infinitely at each p. But for each critical point, 
we can estimate detf s Sf' J . Now we introduce the Morse index M np . M Hp is defined as 
the number of the GMS solitons satisfying the condition that Hessian consisting of the GMS 
solitons has n p negative eigenvalues. As we saw in the section III and the Appendix, the n p 
is the number of projection operators P, whose coefficient belong to p_ in the GMS solution. 
Here we define p- and p+ as the set of the critical points that satisfy 



S 2 V(p) 
8p 2 

S 2 V(p) 
Sp 2 



<0, 



p- 



>0. 

p+ 



(IV.6) 



In the case of positive b m , the critical points are, p_ = {vo, vz, •■■ , v m }, and p + = 
{v\, V3, ••• , v m -i}(see Figj2|). The number of the p- elements is [(m + l)/2], and the 
number of the p+ is [m/2] + 1. Then the number of combinations that n p projections is com- 
bined with [(m + l)/2] points of p- in the soliton is [(m + 1)/2]™ P . When the total number 
of projections is fixed by N, then the remaining (N — n p ) projections are combined with p + 
and its number of combinations is ([m/2] + \Y N ~ n p) . Then the Morse index is given by 

M np (m, N) = [(m + l)/2]"*([m/2] + 1)^""^ • — ^ (IV.7) 

(TV — np)\n p \ 

M Up is divergent in the limit of N — > oo. But we can define the Euler number of the 
isolate GMS soliton solutions as the fundamental theorem of Morse theory, 

Xm = ^(-l)^ = ^(-i rP M np = (-[(m + l)/2] + [m/2] + l) w (IV.8) 

GMS n p 

1 : m is even number, 
: m is odd number. 



(IV. 1 



This is a consistent result with the section III and the Mathai-Quillen formalism. Therefore 
we can conclude that the noncommutative cohomological field theory makes it possible to 
generalize the Morse theory for the noncommutative field theory. 
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V Conclusion and Discussion 

We have studied the noncommutative cohomological field theory. Especially, the balanced 
scalar model is investigated carefully. A couple of theorems is provided. First, the partition 
function is invariant under the shift of the noncommutative parameter. Second, the Euler 
number of the GMS soliton space on the Moyal plane is calculated and it is "1" for the scalar 
potential with even degree and "0" for odd degree^. In general, Mathai-Quillen formalism 
tells us that the partition function of cohomological field theory is the Euler number of 
solution space M when the space is commutative. We expect that the noncommutative case 
is the same as the commutative case. Indeed, as we saw in the previous section, it is possible 
to identify the partition function of the noncommutative cohomological field theory with the 
Euler number as a result of the fundamental theorem of Morse theory, that is extended to 
the noncommutative field theory. In this paper, we saw this relation in a scalar model, but 
it is expected that there is no obstacle to applying general cases. 

It is possible to use our method for more complex models. For example, we can estimate 
the Euler number of the moduli space of instantons on noncommutative R 4 . In that case, 
the partition function is the Euler number of the instanton modulLspace, and there are some 
new moduli space of the new instanton like Nekrasov-Schwarz eH'IIs). For other example, 
we can change the base manifold to noncommutative torus. In that case, we will haveto 
use the Powers- Rieffel projection for calculation in the strong noncommutative limit 113 £3). 
Another point of view, we should study other types of noncommutativity. For example 
noncommutative parameter is locally defined type, a fuzzy sphere type and so on. To study 
such various cases is important to construct the local geometry of noncommutative spaces. 
They are left as future works. 

Most of the geometric nature of the noncommutative space is still unknown. But, as 
we saw, it is likely that some kinds of nature of commutative space are succeeded by non- 
commutative space. We will have to study huge amount of them to throw light on the 
noncommutative geometry. 
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Appendix. 

A Large 6 limit :0 3 potential 

In this appendix, we show calculations in the large 9 limit for simple examples of the balanced 
scalar model. One example is the 4> 3 potential, and another is the 4> 4 potential that is discussed 
in Appendix B. 



c 'Note that the potential in original GMS paper correspond to 4fi- in our theory. So the degree of potential 
is shifted from mtom + 1. 
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We consider the cubic potential, 



V{4>) = 6 + 61 + -b 2 4> *4>+ —^(j) *4>*4>. 



(A. 1) 



The field equation is written as 



— - = 61 + b 2 (p + -6 3 * 
00 2 



1 



6 3 (0 -a)* (0-/3), 



where we put 



o 



, (3 = -(62/63) ± V(h/h) 2 -2(61/63)- 



(A. 2) 



(A. 3) 



We consider the case both a and /? are real numbers. By the redefinition of the field by a 
translation, 



a. 



the field equation is written as 



^ = ^ *(</>'-(/?- a)) =0. 



(A. 4) 
(A. 5) 



The GMS solution is given by 

4>GMS = ^'iPi> ( A - 6 ) 

where the projection operator is Pi = \i)(i\- We put the GMS solution to the field equation, 






(A. 7) 



The solution is 

\ i = 0, \ i = i3- a = v. (A. 8) 

The general GMS solution is a linear combination of projections with coefficients Aj, 

(A. 9) 



ies 



The bosonic part of the action is 



S s 



13 



le Tr (i»\ «"<*> 



5(f)/ 5(f) 



GMS 



5 \ 8V((()) 



5<j>J 5<j> 



(A. 10) 



GMS 



The linear terms of expansion of V((f>) around the GMS soliton are 



5 \ 5V{4>) 



GMS 



5<j> 



-fk^-v) 



4>=<pGMS 



63 

2 
63 v 



VqWGMS -V) + <p G MS<Pq 



?K< 



1-P S ) + P S < 



-}■ 



(A. 11) 
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Hence, we get 



5 s 



l n (t>ZV 



B 



4 V 2 
The fermionic part of the action is 



S% 



Tr 



,l-P s U,l-P g + Ps0 g Ps 



(A. 12) 



-iBTrmi> m4f) 



5<f) J 5(f) 



(A. 13) 



GMS 



As is the same as the bosonic part, the leading terms of quantum field are given by 



$_T\ SV{+) 



GMS 



^^-'•(1-P s ) + Ps 



4>} 



Then the fermionic part of the action is written as 

6b 3 v 



Sf 



-Tr 



x(l-Ps)V'(l-Ps) + xPsV'Ps 



(A. 14) 



(A. 15) 



The partition function is given by 



2 S 



II -7=z d XiJ d ^iJ II -?=z d XijdAj e" 

i>3 l>3 

i,jgS ijeS 



OS cS 

°B °F 



and we get 



,hv )2 

K 2 ; 



Zs 



-(N-n) 2 



,hv )2 

V 2 ' 



2 



(N-n) 2 r, — 2 

b 3 v 



(A. 16) 



-sgn(6 3 ) ] (JV n) [ sgn(6 3 ) ' 
-sgn(6 3 ) f- n [ sgn(6 3 ) ] n 



(A. 17) 



where n = rankS 1 . There are ,„ N \, , sets of the GMS solution which has the rank n. Then 

(AT— n)!n! 

the total partition function is the sum over Z$ with the weight _^ , 



N 
lim V w C n [-sgn(6 3 )] 7V " n [sgn(fe 3 ) 



TV^oo 



n=0 



From the binomial theorem, we find that 

^Total = 0. 

In the 3 potential, the partition function is zero. 



(A. 18) 



(A. 19) 
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B Large 9 limit :0 4 potential 

Here we consider another simple example which has (ft 4 potential, 

V{(j)) = b + bi(j) + -b 2 (f> * <j) + -ry&30 * <t> * <t> + "77&4</> * <t> * <t> * 



The field equation is always written as a factorization form 

(5V 1 

As is the same as the 3 , we translate the scalar field 



a. 



(B. 1) 



(B. 2) 



(B. 3) 



Then the field equation is rewritten as 

*K - 1 

5^ 3! 



M' * (</>' - (/? - «)) * (</>' - (7 - «)) 



where we define 



— b A (j)' * (ft - vi) * {4>' - v 2 ) 



vi = ((3- a),v 2 = (7 -a). 



(B. 4) 



(B. 5) 



For simplicity we take a, (3 and 7 are real numbers. We put the GMS solution 4>' GMS = AjPj 
into the field equation, then 



sv 1 

— = yb A \i (Xi - vi) (Aj - v 2 ) Pj = 0. 



(B. 6) 

uifi o: 

The solution is 

Ai = 0, ui, «2. (B. 7) 

The general GMS solution is a linear combination of projections with coefficients Aj, 

(B. 8) 

(B. 9) 
The bosonic part of the action is given by 



iSSi «es 2 

UlPSi +«2Ps 2 



5' 



1, 



13 



-Tr 



<5 \ SV((j>) 



GMS 



5 \ SV(</>) 



8<t> J 5(f) 



GMS-l 



(B. 10) 
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The linear terms of expansion of V((f>) around the GMS soliton are 
5 \ 5V(4>) 



GMS 



5<f> 



Vi){(j)-V2) 



4>=<t>GMS 



,, \4>q{<i>GMS ~ Vl)(4> G MS ~ V 2 ) 

+ 4 l GMS^q{4 l GMS ~ V 2 ) + 4>GMs(4>GMS ~ V 2 )(f) q > 
h 

3! 

+ (fiPs 1 w 2 Ps 2 I "</ 



^{(«i«2)0,(i-p S] -Ps 2 



-V2 (1 " P Sl " P S2 j + (Vl ~ V 2 ) P Sl 

+ V 2 (v 2 - V^Ps^qj ■ 



The bosonic part of the action is 



S S b = ~\0Tr 



> 4 (o) 2 4> q i-P Sl -Ps 2 U 9 i-P Sl -P 



+ (biClf PsJqPsJq + (&4C2) P S2 ^PS 



2^g 



where we define 



Co = yV!V 2 , d = —Vl (Vl - V 2 ) , C2 = yV 2 (v 2 - Vl) . 



3! 1 z ' ^ 3! 1 w z/ ' ^ 3! 
The fermionic part of the Lagrangian is written as 



S% 



V 8<f>J 



5 \ 6V(<j>) 



GMS 



The BRST operation is given by 



,SJ\ 6V(4>) 



6<j>J 5(j) 



GMS 



3! 



VlV 2 )4) (1 -PS! "PS; 



+ (uiPSi +«2Ps a )^ 



«2(l-P Sl -Ps 2 )+(«l-^)PSi 



(b. ir 



(B. 12) 
(B. 13) 

(B. 14) 



+ v 2 (v 2 -fi)Ps 2 ^| 



(B. 15) 



Then the fermionic part is 



S% = -i0Tv 



b 4 Cox (i - Psx - Ps 2 ) $ (i - P Sl - Ps 2 

+&4ClXPs 1 ^Ps 1 
+64 C2XPs 2 ^Ps 2 



(B. 16) 
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The partition function is given 

Z s = VxV%l)V4>e~ s 

s 2 



(B. 17) 



n [ n ~?T^ d ^ d ^ e ~ 



°S °F 



S=So m>n 

ijeS 



'AirO 



vWo)^ 



-{N-n 1 -n 2 ) 2 



vWi 



VihCrf 



x [64C0] 



{N- ni -n 2 ) 2 



[fe 4 Ci] ni [& 4 C 2 ] n 



Hence, we get 



Z s = [sgn(6 4 Co)] 



(N- ni -n 2 ) 2 



[sgn(6 4 Ci)] ni [sgn(6 4 C 2 )] r 



(B. 18) 



(B. 19) 



where n\ = rankS*i, 712 = rankS^. From the definition of Q 7 s, one of sgn(£j) is always negative, 
and the others are positive. Then the partition function is always written as 



Zs 



sgn(t> 4 J 
sgn(6 4 ) 



i(AT-ni-n 2 ) 2 



-sgn(6 4 ) 



sgn(6 4 



]*-*»-*» [-sgn(6 4 ) ] ni [ sgn(6 4 ) f 2 



(B. 20) 
(B. 21) 



- — 1 sets of the GMS solution when the rank of Si and S2 are n\ and 



There are -^ 1 — v , — ■, — r 

ri2- Then the total partition function is the sum over Zg with the weight &- 



(N — n-]_ — rj-2 )' n l ' n 2 ' 



^Total 



E* 



v 



I™ £ (^-^.n,. I s S n (M f- ni - n2 [-sgn(6 4 ) P [ sgn(6 4 ) P 



TV^oo 



ni,n 2 =0 



lim (sgn(6 4 ) - sgn(6 4 ) + sgn(6 4 )) 

N~ >oo 

lim (sgn(6 4 )) . 

N—>oo 



V 



(B. 22) 



In the 4 potential, the partition function takes a non- vanishing value limjy^oo (sgn(6 4 )) 



N 



C Gaussian integral in the noncommutative space 

In our calculations, the Gaussian functional integral appears, whose form is 

P0exp{- [d 2 xcf>(x)*V(<l ) (x))\ GMS *<j ) (x)), (C. 1) 



and we convert it into the number representation. Generally, the difference of the operator 
ordering may yield some difference of the result. Therefore we must show that our prescription 
is correct. 

Generally operators can be represented in the number representation as 



6 = y^O mn \m){n\, 



(C. 2) 
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where O is any operator and \m){n\ is the basis of the number representation. Any operator 
can be represented as the Weyl ordered operator, so the basis |m)(n| can be written as 

|m>(n| = J -0^ f m n(k)e^ £l+k * £2 \ (C. 3) 

N v ' 

Weyl ordered operator 
and its Weyl ordered symbol corresponding to the basis \m){n\ is 

fmn(x) = J ^iUfcK^ 1 ^ 2 ^- (C 4) 

Here, we consider the following integral, 
dxidx2\m) (n\p) (q\ 

d Xl dx 2 J ( ^)2 ( ^2 ^"( fe )^( fc/ )e t(fcl£l+fc2£2) e t ^ £l+fc ^ 2 ) 

d 2 k ~ 
TqZyZ fmn{k) fpq{—k) , (C. 5) 

where we set [x 1 ,^ 2 ] = 1 for simplicity and use Baker-Campbell-Hausdorff formula. On the 
other hand, since \m)(n\p)(q\ = \m)5 np (q\, 

dxidx2\m)5 np (q\ 

d Xl dx 2 J 702 / m ^)<We^ l£l+fc2£2 ) 

d 2 kf mq (k)8 2 (k)8 np . (C. 6) 



Therefore we can derive a relation: 

d 2 k - 



~^fmn(k)f pq (-k) = J d z kf mq (k)5 2 (k)5 np . (C. 7) 

Using Eq.( |C. 1\ ), we get the following relation 

d xj mn {x) * j P q[x) = J d xj m q{x)d np . (C 

A similar calculation gives 

d xj Piqi (x) * J P2q2 (x) * ■ ■ ■ * J Pn q n \x) = Id xj Piqn (x)o qiP2 o q2P3 ■ ■ ■ o qn _ lPn . (C. 9) 



It is possible to expanded any function in terms of f m n(x), so 4>{x) and V(4>)\gms in 
Eq. (|C. l|) are expanded as 

4>{%) = ^fimnfmnix), (C. 10) 

rrm 

vm G Ms = £>/«(*)• (c. ii) 
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Therefore we perform the functional integral ( p. lj) using Eq.( C. 8| )( |C. 9| ) as follows, 



V(f)exp 



d 2 x(j) mn Vi4i pq (f mn (x) * f u (x) * f pq ) 



det iVfla 



On the other hand, a calculation in the number representation gives 

V$exp{-Tr<f> mn Vi<f>pq{\m)(n\l)(l\p)(q\)} 

V4>ex.p(-4> m iVicf)i m ) 
detlVJI 1 



(C. 12) 



(C. 13) 



which is the same result as Eq. flC. 12] ) without normalizing constant which is canceled out. 
Therefore we can perform integration in both representation, and the number operator is 
used in our calculations. 



D 



= 



We prove a theorem here. 

The theorem which we will prove here is 



A i— 1 r 

y^ n ( va ~ v ^ n ( vb ~ v d = °> 

i=B a=0 j3=i+l 



(D. 1) 



where integers A,B satisfy ^ B < A ^ r, and Vi is any real number. We defined the 
following notation formally for convenience, 



\\{va -v a ) = ] [ (v A 



1. 



(D. 2) 



a=0 



a=r+l 



Its proof is as follows. 
Proof 

A t-1 



s n ( va ~ v °^ i i ( vb ~ v p) 



=Ba=0 



/3=i+l 



Y(VA ~ Vq){v A ~ V\) ■ ■ ■ (V A ~ Vi-i) y {v B ~ V i+1 ){V B ~ V i+2 )(v B ~ V m ) 



i=B 



(VA ~ V )(VA ~Vi)--- (VA ~ VB-l) (VB ~ VB+l)(VB ~ V B +2) ■ • • («B ~ V m ) 

* V ' V v ' 

B r-B 

+ (V A ~ Vq)(v A - Vl) ■ ■ ■ (V A ~ Vb) (VB - V B +2){VB ~ V B +2,) ■ ' ' (v B ~ V m ) 



B+l 



r-B-1 



+ ••• 

+ (v A ~ V )(v A ~ Vi) ■ • ■ (v A ~ V A -l) (vb ~ V A +l)(v B ~ V A +2) ■■■(vb- %) 

V „ ' V * ' 

A r-A 
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t>0 "1 "2 v n-2 V n -1 V n 





Vq Vi v 2 V n -2 V„,-l V n 




Figure 3: Graphical representation of $ n . The arrow vi 
in one figure should be multiplied. 



means (vj — Vi ) , and all arrows 



Pn+l" 




VQ Vj v 2 v n _i v n+1 v. 





VQ Vl V 2 V n -1 v n + \ v n 




Figure 4: Graphical representation of $ n +i- We put v n+ \ between v n -\ and v n in the proof. 



= (VA ~ Vq)(va ~ Vl) ■ ■ ■ (VA ~ VB-l) ■ (VB ~ VA+l)(vB ~ VA+2) ' 
x{l • (vb ~ v B+ i)(v B ~ VB+2) -"{vb- va) 

+ {v A - V B ) ■ (v B - V B +2){VB ~ VB+3) ■■■(VB- V A ) 
+ ■■■ 

+{v A - v b )(va - v B +x) -"{va- va-i) ' !}• 
To show that {• • • } in Eq. (p. 3|) equals to zero, we define $ n as (Fig.y) 

$n = {VQ -V\){vq -V 2 )(V ~ V 3 )---(v - V n ) 

+{v n ~ v ) ■ {v - v 2 )(v ~ V 3 ) • • • (v - V n ) 
+ {v n ~ Vo){v n ~ Vi) ■ (v ~V 3 )--- {Vq - V n ) 



(VB ~ V m ) 



(D. 3) 



+ {v n -Vq)'" (V n ~ V n - 3 ) ■ (v ~ V n -i)(v - V n ) 
+ {Vn -Vq)--- (v n - V n -z)(v n - V n _ 2 ) • («0 ~ V n ) 
+ {v n -V )"' (V n - V n - 3 )(v n - V n - 2 ){v n ~ V n -l). 

We prove $ ra = using mathematical induction as follows. First, for n = 1, 

$1 = (vq - vi) + (vi - v ) = 0. 



(D. 4) 



(D. 5) 
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Next, we suppose $ n = 0. And we consider $ n+ i as (Fig.||) 

$n+l = (vo — V!)(vo — V 2 )(V - V 3 ) ■ ■ ■ (v - V n -l)(v - V n+1 )(v - V n ) 

+ (v n ~ V ) ■ (V - V 2 )(V - V 3 ) ■ ■ ■ (v - V n ~l)(v - V n+1 )(v ~ V„) 

+ {v n ~ V )(v n - Vi) • (v - V 3 ) ■ ■ ■ (v - U n _i)(v - V n+1 )(v - V n ) 

+ ■•• 

+ (v n -V )--- (v n - V n - 2 ) ■ (v - W n+ i)(u - V n ) 

+ (Vn -Vo)'-' (V n ~ V n _ 2 )(v n ~ V n -l) • (v ~ V n ) 

+ {v n -V )--- (V n - V n - 2 )(v n - V n -l)(v n - V n +l) 
= {$„ - (v n - v )(v n - Vi) ■ ■ ■ (v n - V n -i)}(v - V n+ i) 

+ (v n ~ Vo)(v n -Vl)--- (v n - V n -l){(vo ~ V n ) + (v n ~ V n +l)} 
= (Vn ~ Vo)(v n - Vi) ■ ■ ■ (v n - V n -i){-(vQ - V n+ l) + (v - V n ) + (v n - V n+1 )} 

= 0. (D. 6) 

Therefore $ n = is valid for any n. Using it, {• • • } in Eq.( p. 3| ) equals to zero, so the proof 
is completed. 
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